We derive a hierarchy of continuous-variable multipartite entanglement conditions in terms of second-order moments of position and momentum operators that extends some previous results. Each condition of the hierarchy corresponds to a convex optimization problem which, given the covariance matrix of the state, can be numerically solved in a straightforward way. Our approach can be used to get an analytical condition for genuine multipartite entanglement. We demonstrate that even a special case of our conditions can very efficiently detect entanglement. Using multi-objective optimization it is also possible to numerically verify genuine entanglement of some realistic states realized experimentally. As a by-product of our method, we get some matrix inequalities that are hard to obtain directly.
Introduction. In multipartite case there are many different notions of entanglement, ranging from the most specific to the most general ones. A specific kind of entanglement means that we precisely specify the groups of modes that are separable from each other, i.e., we specify partition of the set of indices {1, . . . , n}. A partition is a disjoint set {I 1 , . . . , I k } of nonempty subsets of indices whose union is equal to {1, . . . , n}. A partition with k = 2 is called a bipartition. From these specific kinds of separability we can construct more general kinds by considering mixtures of specific kinds according to some criteria. From example, a multipartite state is called kseparable if it is a mixture of states each of which has k separable groups of modes (these groups can be different for the different terms of the mixture). In the case of k = n equal to the number of modes we get the notion of full separability, which is the most specific notion of separability of all in the sense that the least number of separable states is fully separable. For k = 2 we get the notion of biseparability, which is the most general. Thus, a state is biseparable if it is a mixture of states each of which has two separable groups of modes. In the n-partite case there are 2 n−1 − 1 possible bipartitions, so there are exponentially many ways for a state to be biseparable. Any state that is not biseparable may be referred to as genuine multipartite entangled.
Many second-order entanglement conditions for npartite continuous-variable (CV) systems deal with lower bounds for the quantity G = r T Mr , wherer = (x,p) is the 2n-vector of position and momentum operators and M = Mxx Mxp Mpx Mpp is a real, symmetric, positive definite 2n × 2n matrix. In fact, a special case of matrix M with zero off-diagonal blocks, M xp = M px = 0, is usually used in practice. Denoting M xx = X and M pp = P , which are symmetric, positive definite n × n matrices, the quantity G = G(X, P ) in this case reads as G = x T Xx +p T Pp = Tr(γ xx X) + Tr(γ pp P ), where γ xx = ( x ixj ) n i,j=1 and γ pp = ( p ipj ) n i,j=1 are the diagonal blocks of the covariance matrix of the state. For example, the classical result of Ref. [1] uses rank-one matrices X = a where h = (a, a −1 ) and g = (a, −a −1 ). The works [2, 3] use general rank-one matrices X = hh T and P = gg T , where h and g are real n-vectors. In Ref. [4] the quantity G with 3 × 3 matrices was used. Refs. [5, 6] deal with the general quantity G. Among the works that also use second order moments we mention [7] [8] [9] . Here we formulate a hierarchy of entanglement conditions as convex optimization problems in terms of G. A convex optimization approach for discrete variables has been developed in Ref. [10] .
First of all, note that if we are going to minimize the quantity G then pure states are sufficient. Secondly, in this quantity we can also use ∆x's and ∆p's instead of x's andp's, since if we replace the wave function ψ(x) by ψ(x + x 0 )e −i(x,p0) , where x 0 = x and p 0 = p , we transform one quantity to the other. Lastly, by ignoring the off-diagonal blocks of the covariance matrix, γ xp = γ and thus it is also a valid covariance matrix. A formal proof can be obtained with the determinant identity [11] . Since both γ and γ ′ are covariance matrices, then so is their averagẽ γ = (1/2)(γ + γ ′ ). So, if we have only the diagonal blocks γ xx and γ pp of the covariance matrix, we can explicitly assume that we are working with a quantum state whose covariance matrix is block-diagonal, γ xp = γ px = 0.
Quantumness bound. To find the minimal value of G for a given matrix M we use the Williamson's theorem [12] . This theorem states that there is a symplectic matrix S such that S T M S = ( Λ 0 0 Λ ), where Λ is a diagonal n × n matrix. Since each symplectic transform is imple-mentable as a unitary transformation [13] , starting with some state̺ we have r T Mr = r T ( Λ 0 0 Λ )r ′ for the appropriately transformed state̺ ′ . The minimum of G is achieved for̺ ′ being the vacuum state, and in this case the equality G = Tr Λ takes place. We thus obtain the following tight inequality:
To compute the minimal value of G we need to know the diagonal elements λ j of Λ. These numbers are referred to as symplectic spectrum of M and they can be directly obtained from the matrix M according to the fact that ±iλ j are the eigenvalues of JM . In our special case of block-diagonal M = ( X 0 0 P ) we can get these numbers directly in terms of X and P . In fact, we have the equal-
The characteristic equation of this matrix reads as χ(λ) = det λE −P X λE = 0. Since the diagonal blocks commute with the off-diagonal ones, according to [14] this equation can be simplified as χ(λ) = det(λ 2 E + XP ) = 0. Substituting the eigenvalues ±iλ j into this equation we see that the diagonal elements λ j satisfy the equation
and thus are eigenvalues of the symmetric matrix √ XP √ X. The matrices X and P can be swapped in this derivation. We finally get the following relation:
To put it in another way, we have the inequality Tr(Xγ xx ) + Tr(P γ pp ) ≥ √ XP √ X, which is valid for all positive definite matrices X and P and all correlation matrices γ xx and γ pp .
If matrices X and P commute then the right-hand side of Eq. (1) reduces to Tr
, is a lower bound for G independent of commutation properties of X and P . In fact, in terms of wave functions the quantity G reads as
If we take a general wave function of the form ψ(x) = f (x)e iϕ(x) , where f (x) = |ψ(x)| is a real wave function and ϕ(x) is the phase, we will see that the first term in Eq. (2) does not depend on ϕ(x), while the other term is equal to ((∇f )
T P (∇f ) + f 2 (∇ϕ) T P (∇ϕ)) dx. It follows that G(ψ) ≥ G(f ) and thus real wave functions are sufficient to minimize G. For a real wave function f (x) we have the equality G = (u T (x)Xu(x) + v T (x)P v(x)) dx, where the vector fields u(x) and v(x) are defined via u(x) = f (x)x and v(x) = ∇f (x). We can write this equality in a more compact form as G = ( ũ(x) 2 + ṽ(x) 2 ) dx, where the new vector fields are defined viaũ = √ Xu andṽ = √ P v. Now we can estimate G as follows:
We thus have two lower bounds for G -the tight one is given by the inequality (1) and the other one, not necessarily tight, have just been obtained with the help of Cauchy-Schwarz inequality. Since the tight bound is the best bound possible, we derive the following inequality for a pair of positive definite matrices X and P :
This inequality is a special case of Araki-Lieb-Thirring trace inequalities [15] [16] [17] , which also have quantum mechanical background and read as Tr(
q , where A and B are arbitrary positive definite matrices, q ≥ 0 and 0 ≤ r ≤ 1. The case of q = 1 and r = 1/2 corresponds to the inequality (3).
Separability bounds.We now show that Eq. (1) can be used to get a hierarchy of necessary conditions for multipartite separability. If a pure state with real wave function is separable and if modes i and j are separable from each other then p ipj = 0. In fact, separability for pure states means that the wave function is factorizable, i.e., f (x) = g(x ′ )h(x ′′ ), where, without loss of generality, we can assume that
is real is important for the validity of the last step. The seeming asymmetry in position and momentum operators is superficial -if we worked in momentum representation and dealt with real wave function in that representation we would have x ixj = 0. While p ipj = 0 if modes i and j are separable, for the position correlations we can say only that they factorize: x ixj = x i x j . Taking the wave function f 0 (x) = f (x + x 0 ), where x 0 = x is the vector of averages computed for the wave function f (x), we get a new wave function with x 0 = 0 and G 0 = G − x T X x ≤ G. We see that to minimize G we can also assume that x = 0 and thus x ixj = 0 if i and j are separable.
So, for a real factorizable wave function to minimize G some of the elements of the corresponding correlation matrices γ xx and γ pp must be equal to zero. More precisely, for {I 1 , . . . , I k }-factorizable states all submatrices of the form A[I i |I j ], i = j, are zero. The notation A[I|J], where I and J are sets of indices, is used to denote the submatrix of A formed by the intersection of rows with indices in I and columns with indices in J. We thus have the equality Tr(Xγ xx ) + Tr(
by replacing its elements corresponding to zero elements of γ xx by arbitrary real numbers u i subject to the condition that X ′ (u) is symmetric and positive definite and the same procedure is applied to P to produce P ′ (v). In other words, we can replace all elements of the submatrices of the form
by arbitrary real numbers in such a way that the resulting matrices are again symmetric and positive definite. This construction is better illustrated by an example. For n = 4, consider 2|134-and 1|2|34-factorizable states. In the former case we have I 1 = {2}, I 2 = {1, 3, 4}, and the the latter case we have
The matrices X ′ = X ′ (u) corresponding to these two cases look as
In the first case we replace elements of the submatrices X[I 1 |I 2 ] and X[I 2 |I 1 ] by arbitrary numbers, and in the second case we replace submatrices
. Different submatrices are marked by different colors (symmetric parts are marked by the same color). The more factorizable parts the state has the more elements can be replaced by arbitrary numbers. For a completely factorizable state we can freely choose all the off-diagonal entries. Not to overload the notation, we fix some kind of separability, i.e., some decomposition {I 1 , . . . , I k } of the indices, and use it in all considerations below. Applying the inequality (1), we get that for a factorizable state of any kind with real wave functions, and thus, for all separable states of the same kind, we have
where
and Ω x , Ω p are the sets of all points u and v respectively such that X ′ (u) and P ′ (v) are positive definite. For example, for a bipartition {I, J} with |I| = k, |J| = n − k the vectors u and v have k(n− k) components, so in this case Ω x , Ω p ⊂ R k(n−k) . For full separability u and v have n(n − 1)/2 components, so Ω x , Ω p ⊂ R n(n−1)/2 . To each kind of separability corresponds its own maximization problem over its own sets Ω x , Ω p of its own dimension. There are 2 n−1 − 1 different bipartitions of the indices of an npartite state and many more partitions into three or more parts. If for a given state there is a pair of matrices X and P such that an inequality of the form (5) is violated, than the state is not separable of the corresponding kind. If there are X and P such that the inequalities (5) are violated for all bipartitions simultaneously, than the state is genuine multipartite entangled.
Convex optimization problem. The sets Ω x and Ω p are nonempty and convex. It is enough to prove this for one of the sets. The point u 0 whose components are the elements of the original matrix X that they replaced is clearly in Ω x since X ≥ 0, so Ω x is nonempty. The set Ω x is, in fact, the intersection of the convex cone of positive definite matrices and some affine plane and thus Ω x is convex. The set Ω x × Ω p is also convex as the Cartesian product of two convex sets.
The function F X,P (u, v) in Eq. (5) is a concave function of (u, v) ∈ Ω x × Ω p for fixed X and P . Since F X,P (u, v) is the restriction of the function F (X, P ) = Tr √ XP √ X to the product of some affine planes, it is enough to prove joint concavity of F (X, P ) itself. Due to the equality F (X, P ) = min γxx,γpp (Tr(Xγ xx )+Tr(P γ pp )) it immediately follows the F (X, P ) is concave as the minimum of concave (in fact, linear) functions. Thus, −F X,P (u, v) is convex and the left-hand side of Eq. (5) is a convex optimization problem.
To demonstrate entanglement of some kind we need to find a pair of matrices X and P such that E(X, P ) < 0. In practice, however, we should take into account the errors in the measurement of the matrix elements of γ xx and γ pp . Assuming that the errors in the individual elements of γ xx and γ pp are independent, the standard deviation of G is given by the expression
are the matrices of standard deviations of individual elements of γ xx and γ pp respectively and A • B is the Hadamard (entrywise) product of matrices. Since it is, in fact, Euclidean norm, it is a convex function of (X, P ). So, to be on the safe side the right function to be minimized reads as
where s is the level of certainty with which we can claim that the state is entangled. Usually, the "three-sigma rule", s = 3 is used [18] , but the larger s the better.
The convexity plays a central role in the separability characterization, so it is no surprising that convexity appears here again at a larger scale. We claim that the function E(X, P ) is convex on the set of all pairs of semidefinite matrices (X, P ). This set is obviously convex. The matrices X and P have totally n(n + 1) independent elements, so we have another convex optimization problem over some convex subset of R n(n+1) . To prove the convexity of E(X, P ) we have to prove the concavity of max F X,P (u, v). The key element of this proof is the fact that F X,P (u, v) is jointly concave with respect to all four variables X, P , u and v. It follows from the concavity of F (X, P ) and the relation (
, 0 ≤ θ ≤ 1, and similar relation for P . Here we have three sets -the set Ω x,1 × Ω p,1 of points (u, v) where X ′ 1 (u) and P ′ 1 (v) are positive definite, the similar set Ω x,2 × Ω p,2 for X 2 and P 2 , and the set Ω x × Ω p for X = θX 1 + (1 − θ)X 2 , P = θP 1 + (1 − θ)P 2 . In general, these are distinct sets, but one can easily see that
The argument given in Ref. [19] can be applied here to conclude that the maximum max F X,P (u, v) over a convex set of a jointly concave function is also concave. This finished the proof of the convexity of the function E(X, P ) defined by Eq. (6) .
Since E(X, P ) is homogeneous, E(λX, λP ) = λE(X, P ) for λ ≥ 0, it makes sense to put some condition on the matrices X and P . The simplest is a linear condition, for example, the condition Tr(Xγ xx + P γ pp ) = C, where C is an arbitrary fixed positive constant. We thus arrive to the following entanglement condition for any partition of the index set:
The optimization problem (7) is unlikely to have a compact analytical solution. We now show that in some cases one can get useful results even without solving this problem. First, we reproduce the results of Ref. [2] . Consider the rank-one matrices X = hh T and P = gg T . The square root of a rank-one matrix A = aa T is given by √ A = A/ a , so we have Tr
As a concrete example let us consider four-partite case and 1|2|34-separable states. We are free to change some elements of the matrices X and P . Let us just change the sign of the P 's elements that are marked in Eq. (4):
For appropriate combinations of signs we can get the equalities P ′ = g ′ g ′T , where the new vector reads as g ′ = (±g 1 , ±g 2 , g 3 , g 4 ) and thus Tr
The maximum of these four expressions is |h 1 g 1 | + |h 2 g 2 | + |h 3 g 3 + h 4 g 4 |. This results can be extended to all n and arbitrary kind of separability and coincides with the results obtained in Ref. [2] .
Analytical solution. The convex optimization problem (7) allows one to quickly test states for entanglement of some kind, but the number of these kinds grows extremely fast with the number of parts. We now derive an analytical condition for genuine multipartite entanglement. It is a single condition that does not require testing exponentially many bipartitions, but it does not provide the best possible bound. Consider the following quantity:
It is the general quantity G, where all diagonal elements of X and P are n−1 and off-diagonal elements of X are 1 and those of P are −1. The minimal value of G n is easy to compute and is equal to (n−1) n(n − 2). Since matrices X and P are completely symmetric with respect to different parts, it is enough to consider only bipartitions of the form {1, . . . , k} ∪ {k + 1, . . . , n} for k ≤ n/2. We do not change the elements of X, and in the matrix P we set all v i to 1 (so we change the matrix elements from −1 to 1). Denote the resulting matrix by P ′ k . The matrices X and P ′ k commute, so that Tr(
. The minimum of this expression over 1 ≤ k ≤ n/2 is attained for k = 1. We thus have that any biseparable state must satisfy the inequality
If this inequality is violated, then the state is genuine multipartite entangled. Table I summarizes the lower bounds of G n for some n obtained with the analytical condition (10) and computed numerically from Eq. (5). The q row is quantumness bound, (n − 1) n(n − 2). The a row is the biseparability bound given by the analytical expression (10) . The b row is the true biseparability bound given by the solution of the optimization problem (5). The last row, f, is the full separability bound, n(n − 1).
A similar genuine entanglement condition has been obtained in Ref. [2] in terms of rank-one matrices. The gap between quantum bound and biseparability bound there decreases as O(1/n), where n is the number of parts [20] . In our condition this gap is O(1) and so it does not tend to zero for large n.
Conclusion. We have developed a method to test multipartite states for arbitrary kinds of entanglement. Our approach allows both numerical and analytical treatment. Numerically, it reduces to a convex optimization problem, which allows fast and accurate solution. We have shown that it is very efficient at detecting ordinary entanglement and can detect genuine multipartite entanglement in a reasonable amount of time. Analytically, it allows to reproduce (and thus generalize) some known results as well as to obtain an analytical genuine multipartite entanglement condition. With our approach we can easily obtain some results from matrix theory, like joint concavity of a matrix function of two matrix arguments or reproduce a trace-class inequality, which are difficult to get in a direct way.
SUPPLEMENTAL MATERIAL
Rank-one matrices have the form X = hh T and P = gg T for some vectors h and g. In this case the inequality (5) for a separability kind given by the partition {I 1 , . . . , I k } reads as
where h Ij is a |I j |-vector with elements whose indicies belong to I j . For example, in the four-partite case for a bipartition {1, 4} ∪ {2, 3} the inequality (11) reads as
In practice, however, we need to take into account possible errors of measurements of the covariance matrix. These errors are given in the form of the standard deviations of the individual matrix elements, from which we can easily compute the standard deviation of the lefthand side of Eq. (11) and we should take this value into account, as it has been done in (6) . To understand what values of s are sufficient to guarantee that our results are correct we need to know the probability that the result of a measurement lies outside s sigma interval. For a Gaussian probability distribution with the mean µ and the standard deviation σ this probability is given by the expression
which depends only on s. This probability decreases very quickly as s growth. The order of values of P(s) for some s are shown in the table below. In many cases, the value of s = 3 is sufficient (the threesigma rule). For s ≥ 5 this probability is negligible, and for s ≥ 6 it is practically zero. Even if the real probability distribution is not perfectly Gaussian it is unlikely to have long tail, so Eq. (4) gives a reasonable estimate. Even if this estimate is wrong by several orders of magnitude, provided that we have verified violation with s ≥ 6 we are still on the safe side. The larger s we set the larger the probability of the correct result is, but the more difficult it will be to find a violation with such s. From this table we can conclude that we should search a violation with s not smaller than 3 and not larger than 6 -the event of getting the right result outside of six sigma interval is practically impossible. It happens that rank-one matrices work surprisingly well. Consider the four-partite state that was analyzed in Ref. [6] . It has the following covariance matrix: A very simple way to search for violation of the condition (11) is to randomly generate 4-vectors h and g and check whether this condition is violated or not, and if it is, how strong the violation is. Then just record the maximal observed violation. As a measure of violation we use the quantity
where rhs and lhs are the right-hand side and left-hand side of the corresponding inequality. For the inequality (5) these are the functions of the matrices X and P , and for the inequality (11) they are functions of the vectors h and g. In the case of inequality (11) this approach requires only simple matrix algebra manipulations, which can be done very efficiently with tools like Intel Math Kernel Library. A simple parallel Fortran program has been written and run on a low-end 4-core desktop PC.
The total time to test all seven possible bipartitions in this four-partite case is 4 minutes (using all four cores available). Table II compares our results with those obtained in Ref. [6] . We see that for the state under study our approach is superior to that of Ref. [6] (which uses a genetic algorithm to find the best violation), since it is simpler and gives better results, though, as we have mentioned before, from practical point of view all violations larger than 6 are of the same value. We now apply our technique to the six-partite state also considered in Ref. [6] . We have performed two runs of our program on the same hardware as in the previous case, one with a smaller number of random trials and the other with 200 times more trials. The first run takes approximately 4 minutes to perform all 31 tests, the other one takes around 12 hours. As Table. III demonstrates, in this case the optimization based on a genetic algorithm gives somewhat larger violations. On the other hand, we do not know what computational resources were used to perform that optimization and how much time it took. As we have already said, all violation larger than 6 are of the same practical value and our method produced much better violations in just a few minutes on a low-end PC.
The last state considered in Ref. [6] is a ten-partite state. It has been reported that the smallest violation of 1.1 was obtained for the bipartition 1, 10|23456789. The corresponding probability to get wrong result is (14) with measurements errors given by Eq. (15) . The second column shows the results obtained in Ref. [6] , the third column lists the results obtained by randomly testing the inequalities (11) . The total time to perform all seven tests is 4 minutes.
P(1.1) ≈ 0.27, and it is not small enough to conclude that the state under study is not 1, 10|23456789-separable.
Randomly generating vectors h and g, we have found that the inequality (11) for this kind of separability can be violated with s = 3.65. The corresponding probability P(3.65) < 3·10 −4 is much smaller and gives a strong confidence that the state is 1, 10|23456789-entangled. The 
The violations of other kinds of biseparability are all larger than 3, so the standard three-sigma test is passed for all bipartitions. Note that the conditions (5) and their special case (11) form a natural hierarchy -the violation of a finer kind of separability cannot be smaller than the violation of a more coarse one, so the violation for the full separability must be the largest. The violations reported in Ref. [6] show some strange behavior -the violation for full separability is smaller than violations of some more coarse kinds. But this may be an artifact of an implementation of the genetic optimization algorithm.
Up to now it has been shown that the four-partite state with the covariance matrix (14) is not separable for any fixed kind of separability. We demonstrate that this state is genuine entangled. To do this we need to find a pair of vectors h and g or a pair of matrices X and P that simultaneously violate the inequalities (11) or (5) 
that violate the conditions (11) for all seven bipartitions, and the minimal violation is 3.15 (for the bipartition 1|234). The corresponding probability P(3.15) = 1.6 · 10 −3 is relatively small to conclude that the state under study is genuine entangled.
The approach with a simpler conditions works but it takes a lot of time and it just marginally passes the threesigma test. Using the general conditions (5) we can do better. The sketch of our approach is as follows. We use a variant of the steepest gradient method. According to this method, to optimize a convex function one has to go in the direction opposite to the gradient of the function. Here we have several functions to be optimized at once, and each has its own gradient. We start by generating a pair of random positive definite matrices X and P and compute the gradients of all seven target functions. If the directions of these gradients are not strongly scattered then we can take the average of the gradients, go in the opposite direction and still improving all our functions simultaneously. If the gradients point into nearly opposite directions then we cannot proceed this way, so we stop and generate a new random pair of matrices. We do this until we find proper matrices X and P or give up after some prescribed number of attempts. Following this approach, in a few hours we found the following pair of matrices: 
and
The maximum max (u,v) F X,P (u, v) for different bipartitions is presented below. The elements of the matrices that were optimized over are highlighted. For bipartition {1} ∪ {2, 3, 4} the maximum is attained at 
The smallest number among these maximums is the last one, 1.56114, so we have max (u,v) F X,P (u, v) − Tr(Xγ xx + P γ pp ) σ(X, P ) > s = 4.43199
for all bipartitions simultaneously. The corresponding probability is P(4.43199) < 10 −5 , which is almost two orders of magnitude smaller than for the vectors h and g we found before, so one can be pretty sure that the state under study is genuine entangled.
